typeset using JPSJ.sty <ver.1.0b>

Efficiency of Symmetric Targeting for Finite-T DMRG

Tomotoshi Nishino^∗ and Naokazu Shibata^1

Department of Physics, Graduate School of Science and Technology, Kobe University, Rokkodai 657-8501 1 Institute of Applied Physics, University of Tsukuba, Tsukuba 805-8578

(Received )

Two targeting schemes have been known for the density matrix renormalization group (DMRG) applied to non-Hermitian problems; one uses an asymmetric density matrix and the other uses symmetric density matrix. We compare the numerical efficiency of these two targeting schemes when they are used for the finite temperature DMRG.

KEYWORDS: DMRG, Finite Temperature, Targeting

§1. Introduction

The density matrix renormalization group (DMRG) established by White^{1)} has been successfully applied to various problems in condensed matter physics.^{2)} A recent technical progress in DMRG is its applications to non- Hermitian problems, such as asymmetric exclusion process,^{3, 4)} reaction-diffusion process,^{5)} and quantum Hall effect.^{6)}

For these non-Hermitian problems, left eigenvectors of the Hamiltonian are not equal to the complex conjugates of the right eigenvectors. Two different targeting schemes have been used for DMRG under the situation. One is to use an asymmetric density matrix, which is a partial trace between the left and the right eigenvectors.^{7)} This scheme has been used for the DMRG applied to classical systems^{8)} and the finite temperature (finite- T ) DMRG.^{9–11)} The other scheme is to use a symmetric density matrix, which is created by targeting both left and right eigenvectors as two individual vectors.^{1, 2, 5, 6)} The purpose of this paper is to compare the numerical efficiencies of these two schemes, by observing the cut-off error of the renormalization group (RG) transformation applied to the finite temperature Heisenberg spin chain. In the next section we define the cut-off errors as a function of projection operator, that represents the freedom restriction by the RG transformation. The two targeting schemes are briefly reviewed in §3, and these schemes are compared by calculating the cut-off error numerically. Conclusions are summarized in §4.

§2. Cut-off Error in RG Transformation

The finite-T DMRG^{9–11)} estimates the free energy of one-dimensional quantum systems by way of a precise approximation for the largest eigenvalue λ of the quantum transfer matrix^{12)} (QTM) T . As an example of QTM, we consider that of the S = 1/2 Heisenberg chain. (See Fig.1.) We express the matrix element of the QTM as T_i′_j′_{, ij} , where i (i^′) and j (j^′) represents the upper-part

∗ E-mail: nishino@phys.sci.kobe-u.ac.jp

Fig. 1. Quantum transfer matrix T_{i′j′, ij} of the S = 1/2 Heisenberg spin chain, where the Trotter number M is 3, and both i (i^′ ) and j (j^′ ) consists of three S = 1/2 spin variables.

(U-part) and the lower-part (D-part^{13)}) of the column spin, respectively. It has been known that the partition function of N-site system can be approximated by that of the Trotter^{14)} decomposed two-dimensional classical system; Z = Tr T^N . When N is sufficiently large, Z is well approximated as

T^N ≃ V^Rλ^N ( V^L

)_T , (1)

where V^L and V^R is, respectively, the left and the right eigenvector of T , that satisfies the eigenvalue relation ∑ i^′j^′

V^L_i′_j′ T_i′_j′_{, ij} = V^L_{ij} λ ∑ ij T_i′_j′_{, ij} V^R_{ij} = λV^R_i′_j′ . (2)

We have used the normalization ( V^L, V^R ) = ∑ ij V^L_{ij} V^R_{ij} = 1 in Eq.1. It should be noted that V^L is not equal to V^R in general, because of the asymmetry T ≠ T^T .

Let us consider a formal decomposition of these vectors

1

into the products of matrices

V^L_{ij} → ∑ ξη O^L_{iξ} v^L_{ξη} Q^L_{jη}

V^R_{ij} → ∑ ξη O^R_{iξ} v^R_{ξη} Q^R_{jη} (3)

according to the convention in DMRG,^{2)} where O^{L/R} and Q^{L/R} satisfy the orthogonal (or duality) relations ∑ i O^L_{iξ} O^R_{iξ}′ = δ_{ξξ}′ ∑ j Q^L_{jη} Q^R_{jη}′ = δ_{ηη}′ , (4)

and ξ and η represent the block spin variables. The matrices O^{L/R} and Q^{L/R} play the role of renormalization group (RG) transformations, when the freedom restriction 1 ≤ ξ, η ≤ m is considered for for both V^L and V^R in Eq.3. Under the restriction, v^L_{ξη} and v^R_{ξη} are m-dimensional matrices that represent the renormalized states.

In DMRG applied to classical system or finite temperature quantum system, the RG transformations O^{L/R} and Q^{L/R} are determined so that the cut-off error of the partition function

δZ = Tr (1 − P )T^N = ( V^L, (1 − P )V^R ) λ^N (5)

is suppressed, where P is the projection operator

P_i′_j′_{, ij} = P^U_i′_i P^D_j′_j = m∑ ξ O^R_i′_ξ O^L_{iξ} m∑ η Q^R_j′_ηQ^L_{jη} , (6)

that represents the Hilbert space restriction by the RG transformation; P^U and P^D is projection operator for U- and D-part, respectively. Since the operator 1 − P = 1 − P^UP^D in Eq.5 can be factorized as

(1 − P^U) + (1 − P^D) − (1 − P^U)(1 − P^D) , (7)

and the third term is negligible when it is applied to V^L and V^R, we can precisely estimate the relative cut-off error δZ/Z by calculating the inner product ( V^L, (1 − P^U)V^R ) + ( V^L, (1 − P^D)V^R ) = ( 1 − Tr P^Uρ^U ) + ( 1 − Tr P^Dρ^D ) , (8)

where ρ^U and ρ^D are the asymmetric density matrices

ρ^U_i′_i = ∑ j V^L_i′_j V^R_{ij}

ρ^D_j′_j = ∑ i V^L_{ij}′ V^R_{ij} (9)

that satisfy the normalization Trρ^U = Trρ^D = ( V^L, V^R ) = 1. Let us keep in mind that Tr P^Uρ^U and Tr P^Dρ^D are essential for the cut-off error of the RG transformation by P = P^UP^D.

§3. Asymmetric and Symmetric Targeting Two different targeting scheme have been used to determine the RG transformation matrices O^{L/R} and Q^{L/R}. One is to obtain them by diagonalizing the asymmetric density matrices^{7, 8, 10, 11)} in Eq.9

ρ^U_i′_i → ∑ ξ O^R_i′_ξ w_ξO^L_{iξ}

ρ^D_j′_j → ∑ η Q^R_j′_η w_η Q^L_{jη} , (10)

where w_ξ is the common eigenvalue for both ρ^U and ρ^D in the order of decreasing absolute value; normally all the w_ξ are positive. The projection operators P^U, P^D, and P created from O^{L/R} and Q^{L/R} in Eq.10 are asymmetric, as ρ^U and ρ^D are. Let us call such a construction of P^{U/D} as symmetric targeting. In this case, the relative cut-off error in Eq.8 can be calculated from the eigenvalues of the asymmetric density matrix as

2 − Tr P^Uρ^U − Tr P^Dρ^D = 2(1 − m∑ ξ w_ξ ) . (11)

It is possible to choose O^{L/R}_{iξ} and Q^{L/R}_{iη} so that v^L_{ξη} and v^R_{ξη} become simultaneously diagonal: v^L_{ξη} = v^R_{ξη} = δ_{ξη}ω_ξ where ω^2_ξ = w_ξ . Thus we can interpret the decomposition in Eq.3 as an extension of the singular value decomposition for the dual vectors V^L and V^R.^{8)}

The other targeting scheme is to treat V^L and V^R as individual vectors,^{5, 6)} as they simultaneously target ground and excited states in DMRG applied to Hermitian quantum systems.^{1)} In this case, the RG transformations are obtained by first creating the symmetric density matrices

ρ̄^U_i′_i = 1 2 ∑ j V^L_i′_j V^L_{ij} + 1 2 ∑ j V^R_i′_j V^R_{ij}

ρ̄^D_j′_j = 1 2 ∑ i V^L_{ij}′ V^L_{ij} + 1 2 ∑ i V^R_{ij}′ V^R_{ij} (12)

and then by diagonalizing them

ρ̄^U_i′_i → ∑ ξ O_i′_ξw̄^U_ξ O_{iξ}

ρ̄^D_j′_j → ∑ η Q_j′_ηw̄^D_η Q_{jη} , (13)

where we have dropped the label L and R from O^{L/R} and Q^{L/R}, because O^L = O^R and Q^L = Q^R. In this case, the projection operators

P̄^U_{i′i} =^m ∑ ξ O_i′_ξO_{iξ}

P̄^D_{j′j} =^m ∑ η Q_j′_ηQ_{jη} (14)

are symmetric. Let us call such a construction of P̄^{U/D} as symmetric targeting. Unlike the asymmetric targetting, it is impossible to make the m-dimensional matrices v^L_{ξη} and v^R_{ξη} simultaneously diagonal. This targeting scheme is often used because there is no need to diagonalize the asymmetric density matrix, which requires special numerical care.^{15)} It should be noted that the relative cut-off error

δZ/Z = 1 − Tr P̄^Uρ^U + 1 − Tr P̄^Dρ^D (15)

in the symmetric targeting is not directly related to the eigenvalues of the symmetric density matrices in Eq. 12.

Fig. 2. The relative cut-off error for the asymmetric targeting 1 − Tr P^Uρ^U in Eq.11 and that for the symmetric targeting 1 − Tr P̄^Uρ^U in Eq.15 when JΔτ = 1/7. For the latter we use triangle mark when it is positive, and use cross mark when negative. The horizontal axis shows the number of states kept.

Now let us compare the relative cut-off errors for both asymmetric and symmetric targeting. We choose the S = 1/2 isotropic Heisenberg spin chain as the reference system, and fix the Trotter number M = 7 so that we can obtain the eigenvector of T ; we have to know V^L and V^R exactly in order to evaluate δZ/Z. We consider the case where U-part contains the same number of spin variables as D-part; this U-D division is normally used for the infinite system algorithm.^{1)} Since U-part is identical to the D-part, 1 − Tr P^Uρ^U = 1 − Tr P^Dρ^D holds for Eq.11 and 1 − Tr P̄^Uρ^U = 1 − Tr P̄^Dρ^D for Eq.15. Figure 2 shows the relative cut-off errors when the imaginary time step JΔτ^{11)} is equal to 1/7. As it is seen, 1 − Tr P^Uρ^U decreases monotonically with respect to m, and is always positive. On the other hand, the dumping of 1−Tr P̄^Uρ^U with respect to m is oscillatory; 1−Tr P̄^Uρ^U is not always positive,^{16)} and the calculated partition function is not the variational lower bound. For most of m the error 1 − Tr P^Uρ^U is smaller than |1 − Tr P̄^Uρ^U|, that shows the superiority of asymmetric targeting for the finite-T DMRG.

Figure 3 shows the cut-off errors for relatively high temperature JΔτ = 1/14. In both Figs.2 and 3, we have to keep twice as large as m for the symmetric targeting in order to keep the same cut-off error of the asymmetric targeting. This may be explained by the fact that the asymmetric projection operator P^{U/D} is created by 2m numbers of linearly independent vectors, while the sym-

Fig. 3. The relative cut-off errors in relatively high temperature JΔτ = 1/14.

metric projection operator P̄^{U/D} is created by m numbers of orthogonal vectors.

§4. Conclusion

We have compared the numerical efficiency of the symmetric and asymmetric targeting schemes when they are applied to the finite temperature DMRG. It is shown that the cut-off error calculated by the symmetric targeting is larger than that of asymmetric targeting; as far as cut-off error is concerned, the asymmetric targetting is superior to the symmetric targetting.

If we keep twice as large as m for the symmetric targeting, we can recover the numerical precision of the asymmetric targeting. Therefore, for the problems that does not require large m for the DMRG calculations, the symmetric targeting is of use, in the sense that it does not require the diagonalization of asymmetric density matrix, and is free from complex eigenvalue problem.^{11, 15)} T.N. thank to G. Sierra, M. A. Martín-Delgado, and S. R. White for the discussion about multi state targeting. The present work is partially supported by a Grantin-Aid from Ministry of Education, Science and Culture of Japan.

1) S. R. White: Phys. Rev. Lett. 69 (1992) 2863; S. R. White:

Phys. Rev. B 48 (1993) 10345.

2) Density-Matrix Renormalization - A new numerical method in physics –, eds. I. Peschel, X. Wang, M. Kaulke and K. Hallberg, (Springer Berlin, 1999), and references there in.

3) A. Honecker, I. Peschel: J. Stat. Phys. 88 (1997) 319. 4) Y. Hieida: J. Phys. Soc. Jpn. 67 (1998) 369.

5) E. Carlon, M. Henkel and U. Schollwöck: cond-mat/9902041. 6) J. Kondev and J. B. Marston: cond-mat/9612223. 7) Such a construction of the asymmetric density matrix has been known for long time. See R. J. Baxter: Exactly Solved Models in Statistical Mechanics (Academic Press, London, 1982) 8) T. Nishino: J. Phys. Soc. Jpn. 64 (1995) 3598. 9) R. J. Bursill, T. Xiang, G. A. Gehring: J. Phys. Condensed Matter 40 (1996) L583.

10) X. Wang and T. Xiang: Phys. Rev. B56 (1997) 5061. 11) N. Shibata: J. Phys. Soc. Jpn 66 (1997) 2221. 12) H. Betsuyaku: Phys. Rev. Lett. 53 (1984) 629; prog. Theor.

Phys. 73 (1985) 319.

13) We use ‘D-part’ instead of ‘L-part’, because we will use the label L and R in order to denote left and right, respectively.

14) H. F. Trotter: Proc. Am. Math. Soc. 10 (1959) 545. 15) B. Ammon, M. Troyer, T.M. Rice, N. Shibata: Phys. Rev.

Lett. 82 (1999) 3855; cond-mat/9812144.

16) Note that the density matrix ρ^U is asymmetric, and P̄^U is the symmetric projection operator. In such a case, 1 ≥ Tr P̄^Uρ^U is not always true.