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9. Applications to the two-dimensional triangular antiferromagnetic
quantum Heisenberg model

As one of the most interesting applications of the thermo field dynamics, we
consider Anderson’s problem of the phase coherence of movable singlet pairs in the
two-dimensional triangular antiferromagnetic quantum Heisenberg model (Ander-
son 1973, Fazekas and Anderson 1974). Quite recently Hirakawa et al. (1983, 1985)
found an experimental candidate, namely NaTi0,, to test Anderson’s picture.

For the purpose of studying the quantum effect in this system at finite tempera-
tures, the present formulation of thermo field dynamics in quantum spin systems
may be most appropriate, because we know the explicit form of the thermal state

10(8)) =# exp(~38) | I} [T = /7&)//7?5 and  (9.)

where the Hamiltonian 5# is given by ?f l,n> == 1\,1 'ﬂ>} ?é‘]’}tr} 215‘%
_ = (ij)ai@ XH,;=—Jo;c0; (J<0). ( gN% /{st%
R=R=0eRI0B> (& Z

9.1. Pair-product and higher approximants
As was first proposed by the present author (Suzuki 1966), the simplest variational

thermal state is ( T P,Qgg. Sec. pne. 21 (1966)2.2‘744)

[O(B)) ppa = A5 H exp(—1B5,) | I), (9.3)
woo.
where

exp(—185#,;) = exp(3Ko;+g;)

p—e

2

+b(o;0; (9.4)
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with K = 8J and with

a=3%Bef? 47352y and ?)=%(eK/2—e'3K/2). (9.5)

The expression (6.16) will be useful in studying the property of 1O(B)) pps €x-
plicitly, which will be discussed in the near future. The partition function in this
approximation might be obtained in a closed form.

In order to study the present system more systematically, we may use the

following formulation jfk- %ﬁ‘)ﬁé’% > X
9 s / Ej ﬁ[% N
IO(B)>$3A=%[5£€XP(~%B%,)] 1) (9:6)

This may be useful for studying our system in the thermo field transfer matrix and
Monte Carlo methods proposed in sect. 7 and 8, respectively.

9.2. Triangular cell approximant

One of the remarkable features of the two-dimensional triangular antiferromagnetic
Heisenberg model is that there exists the frustration effect first pointed out by
Toulouse (1977). Another feature is that there is no phase transition with ordinary
long-range order at any finite temperature when the interaction is isotropic (Mermin
and Wagner 1966). Therefore, any phase transition, if it exists, must be of a new .
type. It might be transition into a “coherent phase” of movable singlet pairs, as was
pointed out by Anderson (Anderson 1973, Fazekas and Anderson 1974).
We introduce here the following triangular cell approximant

. R 1 n
0B =5 TT exp( = B3t )| 1), 6)
, ik 2n
where 5, is the local Hamiltonian of the triangular cell shown in fig. 4, that is,
K= —J(0;*0;+ 0,0, +06,°0,). \ (9.8)
i
i k

Fig. 4. Triangular cell.
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\ .
Fig. 5. Triangular lattice and its decomposition into triangular cells with interaction J /2.

The whole lattice is decomposed (Suzuki 19822 into overlapping triangular cells with

the “hiﬂf interaction”, J'. Sfa/t- P@d’ iZ[/ 78 { )/0{47

= ~37(0 6+ 00+ a,-,). (9.9)

as shown in fig. 5. This is one of our important “computationics”, namely strategies
of computation. ‘
Then, the partition function of this System is expressed by

Z(B) =Tr exp(-,BZ%'fj) =Tr eXp(—B<Z 957,'/«)

< ik
— Bz
= lm Tr{ T exp 7 (9.10)
Py e Gl
Wor 3 kw:ﬂ Letna modlel ([
Thus, we obtain an cqurvaient three-dimensional Ising system with SIX-Spin interac-

for

tion, having the partial Boltzmann factor

Q(Ui, 0;, Oy o/, Uj', 0/:) =(g;, o; okle—(ﬁ/")x;” lo/, aj’a 1), (9'11)

where |q;, 1;2, .-+, 0y ) diagonalizes {o7}. This factor is easily found to be

o .t ’
Q(Ui, 0_'/-, ak’ oi’ O_}'; ok) -

=8(01, /) 8(s;, of) 8(, o7) cosh(3K,)

+‘§' Sinh(3K,,) [{Oi%a(o’i, O’i') 8(0}, q,r)

L (G=a0)(1- %')4_ (0= 0/)(9~ o) } 5(ay, of) + (cycliC)],

(9.12)
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%D =
with K, = BJ/n. Here, we have used the identity

t’“@ =cosh(3K) + 1 sinh(3Km (9.13)

#,=(0,20) + (0, 0,) + (0 +0;). | . (9.14)

The above identity (9.13) is easily derived by noting that the operator

Pyo Ouew,yn &f%m (9.15)

is the projection operator into the quartet state (S=3), namely

Py=3(o5+3)

P=P; #?=y9, ' (9.16)

and that (1 — P,) is the projection oiaerator into the doublet state S=5H.

9.3. Square cell and larger cluster approximants

Larger clusters with an even number of spins such as Square cells shown in fig. 6
may be much more effective in Anderson’s problem, because such clusters them-

L St
7
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e

Fig. 6. Four-spin cluster.

i ! i I
(a) (b)

Fig. 7. Two singlet pairs. Two different kinds of decomposition: (a) and (b).
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Fig. 8. Seven-spin cluster.
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selves can be decomposed into products of singlet pairs, as is shown in fig. 7. This
decoupling method has been used by Takasu, Miyashita and Suzuki (1985) in
performing the quantum Monte Carlo simulation based on the equivalence theorem
discussed in sect. 8.

The seven-spin cluster’ decoupling (fig. 8) may be mgcje—f%uge%an the
four-spin cluster decoupling (fig. 7), though the former is composed of an odd
number of spins. However, it is rather complicated to calculate the matrix elements
of such large clusters—even numerically.

As was discussed in sect. 8 (see fig. 2), it is very effective to increase both the
cluster size m and Trotter’s number ».

L0 T8 o (R st ZAES)

9.4. Variational theory of Anderson’s problem

Variational calculations have been made for quantum spin systems at zero temper-
ature (Anderson 1952, Suzuki and Miyashita 1978, Miyashita 1984, Oguchi et al.
1985, Fujiki and Betts 1985).

It will be essential to study the present system at finite temperatures in order to
see whether a new type of coherent phase appears or not. For this purpose, the
thermo field variational method will be very convenient. It is difficult, however, to
find an appropriate variational thermal state in Anderson’s problem.

We give here only some preliminary considerations, Anderson (Anderson 1973,
Fazekas and Anderson 1974) proposed that random arrangements of singlet pair
bonds on a triangular lattice would give a trial ground state with an energy lower

than that in the Néel state at zero temperature, as shown in fig. 9. This state is given

|%>A=%[Zg(0f@11,)}|1, 0y, 11, 0) = | I} 0), (9.17)
q
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Fig. 9. Anderson’s variational ground state (Anderson 1973). '

114 : f
in our representation,%here P, is the projectién operator into the singlet state given

by P (2 sm stale A\ o

Py=3(1- Uib'&"j)’ Pii' =P, j’% @/ﬁ__y (9.18)
57V HH

and {§;} are an algebra defined by

[6, 6] =0, 62=0, and (816/6,10) =1, (9.19)

analogously to the Grassmann algebra (Brezin 1966).
Now we extend Anderson’s state (9.17) of zero temperature to the case of finite

temperatures. The simplest extension may be ﬁ?g Zﬁ %- W

I‘P>T='/VTE H [oiej(uijQij+ UijPij)] 1), = 1y (9-20)
& s, [ld Dpeamics —TTHIE,
ation, where“Q;; i

s the projection operator into the triplet state,

Toipht 5Tals o) 12455 53

mn -our formulatio

namely Qg_ {i

Q"J =1- Pij and PijQij = QijPij =0. (9.21)
Then, the total energy of this trial thermal state is given by
TR X" E
E=(¥|#|¥)=~INK¥|0, 0| ¥),
= —3INJ(P|1-4P, | ¥), =~ —3NJ(u* ~v?), (9.22)
in the “pair-approximation”, where we have assumed that u;;=u and v, ;=v. The
total entropy may be given by T —/I’_ n (::a_______ S
S= —3Nkg(3u® log u*+ v? log v?). (9.23)

On the other hand, the normalization of the thermal vacuum state gives the relation

3ut+ v’ =1, (9.24)
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(a)
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T
Fig. 10. Schematic temperature dependence of u and v, where 7 denotes the Crossover temperature: (a)
singlet pairs dominant thermal state, and (b) disordered state.

TP 7DR A—R- i E

<11Pij|1>ij=1 and (llQ,.jll)ij=3'

N |-

0

x —-—-—T

because
(9.25)
Therefore, our free energy is expressed by

B X — FE-TS

F=E-TS

- %N[—J(l —4x) + kBT<(1 — x) log2 == +x log x}J (9.26)
with x = p? By minimizing this free energy with respect to x, we obtain
1 XCRLCaL R VS
U= ~———  and p?= R .
e %43 e 4K 13 (0:27)

where K'=J/k,T. Thus, the thermal state coefficients u and v behave as in fig. 10.
A crossover-effect occurs around the temperature 7% given by

|J

Tgl‘lo; =3.61J1/ks. '7132/17’/{\’" i%é (9.28)

Below this crossover temperature, singlet pairs are dominant, Above T, the thermal
vacuum state becomes disordered (le. u=p=1, namely |¥),=|I)).

The above treatment may be too simple, because it is equivalent to the indepen-
dent pair approximation. In order to take into account the correlation effect among
singlet pairs, we have to include the interaction among singlet pairs. for this
purpose, the cluster (or larger cell) method discussed in sect. 9.2 and 9.3 will be
useful. The research in this directiog is now in progress. ‘

This quantum crossover effect (Suzuki 1977b) might be relevant to the experi-

mental result by Hirakawa et al. (1983, 1985). \I’—Prog.—n‘m”" P@a 5% ;'1{75:‘.

T*=

As was mentioned in the beginning of sect. 9.2, there is another possibility that
there might occur a phase transition below the critical point of which the long-range
order does not exist but only the phase coherence among singlet pairs exists in the
two-dimensional triangular antiferromagnetic quantum Heisenberg model (Ander-
son 1973, Fazekas and Anderson 1974). 1t will be an. interesting problem to study
which possibility is realized in the above system, by extending the present thermo

field variational theory. 96) M‘ S. P rog. 7;20)".‘ %‘
5% (1976 ) 193,

10._Summary and concluding remarks
TFR o~ R (b M. 5. (788%)
Thefmo field dynamics o Quanturf spin Syst€ms has been formulated, whic yields

the KMS relation as identities among thermal vacuum states. Path integral formu-
lations of the thermal state have been presented, which give trial thermal states.
Thermo field variational method has also been proposed. The present thermo field
dynamics in quantum spin systems yields a new proposal of “thermo field Monte
Carlo method”. The relation between this new method and the quantum Monte
Carlo method proposed by the present author-(Suzuki 1976b¥*have been discussed.

The above formulations have been presented in terms of quantum spin systems.
Almost all the fundamental formulations in the present paper are similarly valid in
general quantum systems such as Fermi and Bose systems, as was mentioned
already at the end of sect. 2. In particular, it should be remarked that our general

Jormulation for the thermal state, jﬁ’ ﬁa :d% E o Jbli/'/azg /\“ 7 J., V

10(8))y =2Z(B) ™" exp(~1ps#) | I), (10.1)
== —1
for any interacting quantum system # is a very useful one from a practical point of

view, as has been explained in the present paper, where the identity state |I) is
expressed by 13 H:&\—r‘, W5 )

3 ]
“Tlaw, | MO I PReS. Secdpn. F
-z | 5 (V98 253, 4 0

for any representation { | a)}. 1-11, = [’m> +6- )m.>——> M}>’\:’= Q*{;; 'f-é‘ Ig
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Ihe second new general result is that’ the time-dependent state [g()) is
described by the equation O INEIEIX {7'1/"',7‘7"%4“1"’/-‘ é@c,gpv_\_[ A 7r Y

B2, TED©2&2 s hpltiemed),
ihait [P(2)y =58(2) | ¥(2)) f\-‘j BLEY ?‘%%f{ \%??MO(IO.B)

for any quantum system, whex:/[éi" (1), 9?(1)] =0 as is the case. Here,
it 3 Dt
(1) =#(t) - #(1) T47% 708 & s~k ALE Yied (10.4)
® tilde papticle <> wkmsfg Y > >

and 5#(t) is an arbitrary time-dependent Hamiltonian. 1t is easy to derive the Kubo
formula (Kubo 1957) from the above general equation (10.3) with (10.4). For more

details, see the paper by the present author (Suzuki 1985b). .y~ M am P;?é' Zé
ey A ——————— - Y



