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Wilson’s Numerical Renormalization Group(NRG)

Kondo impurity problem 1D quantum system
with the boundary
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Add free electrons and project out the higher energy states
H/l;“_l = AHJICI + Zt(CLO'CN-l-lO' T C§+10CNO')

A(>1) is a cut off parameter, which controls the energy

scale of the system. A itself comes from log-discretization
of Fermi sea



Wilson’s NRG

Kondo model

continuous 5
model H :—iza—‘l— JSGI5(XI)
X.

} s-wave+impurity

linear dispersion

T ke, dk—3[S -(c,,5,,0,)dk

log-discritization

2 discritize wave space into shell

N +1 N + N
HA — AHA +t(CNO'CN+1a +CN+10CN0)

cutoff Adue to discritization



Numerical RG: add electrons on a 1D lattice step by step
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Omit higher energy states and reduce the dimension of
Hamiltonian matrix,

a0

\
( add an electron :> diagonalize Hamiltonian

RG iteration @ Q

k keep lower energy states
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Real Space RG for 1D Quantum systems

1975: Wilson NRG for Kondo impurity problem
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free fermion problem

essence of Wilson NRG => bulk fermion part

Free fermion with exponentially deformed interaction
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1-body eigenvalue problem ~f ]
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particle eigenvalue spectrum
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bulk part
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plane waves(uniform)

S
wave packets(exponential)
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translation = energy level shift



Lattice translation

T is the lattice translation(n->n+1) operator
for fermion operators

THT ' = Ze“”T (cic.,+ch,c )T '=e"*H
[# infinite sum of “n” is assumed]

if |¥) is an eigenstate of H H ‘W> = E‘W>

TH|y)=ET|y) < THT "T|y)=ET|y)

) E'=e*E isalso an eigenvalue

Energy-scale-free nature can be also seen.



wavefunction: “continuous” limit(A—0)
Xx=ni : P(X—A)+Pd(X+ 1) =e7¢(X)
MLO(E) s g (x)+ (2-e7)p(x) =0
y =exp(-x/2) : ¢ (y)+— ¢ N+—2 (——1)¢(X) 0

modified Bessel function with imaginary order

p(X) ~ Kye(ce™?)  c=2v2/2

x>>1  @(x) ~ exp(—icx) x<<-1  ¢(X) ~ 2c:X’2 exp(—ce™'?)

consistent with the numerical result



A =0.1, N=200
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90 100 110 j
E shows linear dependence with respect to |
near the Fermi surcace. (E~2)



edge state

p(n)=e""""p(n)  xifp(n-1)-n(n+1)]=e*"En(n)
omit O(1°) : i2An'(X) FEe*n(x)=0

=) 0 - exp(io—e)

This wavefunction is not permitted as a bulk wavefunction

:> edge state of the lowest energy scale

—A12

E=7#©""0 with the boundary condition
q==+1/2, £3/2,--- w(0)=0,py(N+1)=0

This edge state is eventually invisible for a practical A~2
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damping factor

e—ln

0.05

0.1
0.35

Jk:O.3

30

60

40

20

Bath



Spin Singlet

Impurity spin is screened

Black hole is screened by the free electrons.

In Lower energy scale
entanglement entropy => Area law
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