Renormalization Group Approach to Casimir Force
in Substance *

S. Ichinose
December 14, 2011

Lab. of Phys., School of Food and Nutritional Sciences, University of Shizuoka
OO0000000000000000000000000600, Kyoto 2011,
Dec.14-16

*Related reference 0 arXiv:1010.5558, 1004.2573



1. Introduction

Casimir force , Casimir-Polder force , Van der Waals force
Forces caused by fluctuation due to microdynamics

e (nearly) free theory is involved. Main part is independent of the coupling(s)
e depends on the boundary parameters and the topology, macro property
e quantum effect (zero-point oscillation), micro property

e highly-delicate regularization is required, IR and UV, Summation formula



e Ambiguity of energy origin.
Electro-Magnetic field in substance
D=¢swE , B=puwH . (1)

dielectric function (permittivity) £, magnetic permeability 1: shows the substance
property effectively. Can we approach it geometrically ?



2. Maxwell Equation in Substance

Electric and Magnetic Field
Upper-index Fields : D(t,x) = (D¥(x)
Lower-index Fields : E(t,x) = (F;(z)) |,
i=1,2,3 , x=(x,y,2) , (*)=(,x) , p=0,1,2,3

Dielectric function, Magnetic permeability (general form)

A . A . . . A

Di(x) = &%(2)Ey(x) , B'(x) =" (x)H(x)

divD = ;D" =0 electric charge density = 0



divB = 9;B° =0 magnetic charge density = 0

Ampére's Law
0,D' — %9, H, =0 or dD—-VxH=0

(electric current density = 0)

Faraday's Law

875Bi + EwkajEAlk =0 or &;B + V X E =0

Faraday's law is solved by the vector and scalar potentials.

A A A

E,B—>A,$



= —0,A;(x,t) — 0;(x, t)

Ei(x,1)
B( ) — e”k(‘?jflk(x, t)

timet to frequency w (Fourier expansion)

— OO

D(t,x) = D(w,x)e™“'dw E(t,x):/ E(w, x)e""dw

]g(t,x):/ B(w,x)e™“dw |, I:I(t,x):/ H(w,x)e™“ dw

Difw,x) = (W) E;(w,x) , B'(w,x) = n(w)H, (w, x)



t — representation —  w — representation
A (XD . A m .
A(t,x) = / A(w,x)e™dw , ¢t x) = / P(w,x)e“ dw |
— 00 — 00

Fij(w,x) = —iwA;(w,x) — 9;p(w,x) or E(w,x)=—iwA(w,x)— Vo(w, x)
BY(w,x) = €7%9;A(w,x) or B(w,x) =V x A(w,x) .(10)

E(w,x) and B(w, x) are unchanged under the gauge transformation.
A — A+0AN , ¢ —  ¢—iwA where A = A(w,x) . (11)
For simplicity, we consider the diagonal case.

eV =ew)d? (N =pm (W) (12)



Gauge 1. 9;{iwg + (ep) " tdivA} =0
Ampére’s law gives the field eq. of A

(A+ AW, x) =0 , E=—iwA — %MV(divA) . (13)
W

Note: When ¢ and p are constants, A(¢,x) satisfies the free wave equation with

velocity of light v = —=.

VER
Gauge 2. 0;¢ = 0 (Landau-Lifshitz textbook)
The fields eq. of A

AA — V(divA) + w?euA =0
E=—iwA . (14)



3. Geometry in (k*)=(w, k') Space

The energy of the substance is given by *** geol
/dga:/dw E
— [ & [ d(TEE, +p ), BB = [ dr [ dosp A (A + o)A (15
= | &w [ dwy(VEE; +p B'B) = [ d'w [ dwgp A-(A+wiep)A . (15)

We propose *** geolb

(™ D)ig = Ve(w)gijw)  e’(w) = Vgw)g(w) (16)

where g;;(w) is some metric introduced next, and g = detg;,.



Let us consider three typical metrics in (w, K*) space. *** geo2

3
1. Minkowski : ds® = —dw? + Z dKi2
1 =1
3 ,
2. dS4 . d82 = —de -+ e2HW Z dK?,
1 =1
3.AdS; i ds” = (dKP) 4 eI (—du? 1 (AKX 4 (A7) (17)

To specify (parametrize) 3D metric ¢;;(w), introduce 3D hypersurface. *** geo3

On-shell Condition : (K%)? = r(w)* (18)
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The induced metric g;; is given by

% %k %k

geod

(19)
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Figure 1: Configuration of Substance ¢1,¢,,, €s.
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4. Lifshitz Theory 1956

Free energy formula for the £1,¢,,,60 (u = 1) substance of the structure:
Fig.1 .

Simplified model of the previous Maxwell theory Kenneth and Klich '06

1 dw .
o[ o [ G de@)on . dimom L )= 14xw) -(20)
When e(w) = e1(const.), above is 3+1 massless complex free scalar.

/ B ;l—¢ (x,t)(A —5152)q5(x,t) L d(x,t) = /_O;qsw(x)emdw .(21)
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The field equation

(A + w?e(w))du

=0, Pu(x1,2) = Pu(z)e

This system is in the thermal equilibrium at temperature 7'

1
Periodicity : ¢t — t 4+ —
T
27T
Wy = —N
h

In the plane perpendicular to z-axis,

Periodicity

x, = (z,y) — (¢+Ly+L)

2 2T
q(nw,ny) — (fnaza fny)

Y

(22)

(23)

(24)
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~

(—a® + 0.7 + w’e(W)du(z) =0 . (25)

For z-dependence, take

~

bu(z) = A(w)e’”” + B(w)e™?* | — q’ + pa’ + w26a(w) =0 (a=1,m,2)

Wave function for each region

z < =l bu(2) = A(w)eP* | region 1
—l<z<l bu(2) = C1(w)ePm* + Cy(w)e™Pm* | region m
z > bu(2) = B(w)e P2  region 2 (27)

_ 1 (1= pm)(p2 = i) —api _
A= o T o) 02+ ) . (28)
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Add periodicity to z-direction.

Periodicity : 2z — 2z+L |
2T 2T 2T
q(nx,ny,nz) — (fn:m fnya fnz) . (29)

e Ix = /D¢WD¢ZeiS[¢*>¢§X1aXm]

= det(A + wien(w)) = expTrin (A + w?(1 + xa(w)) ) (30)

€a = 1+ Xq IS given by

1 27
InR; 1+ xi(w) = E(I)Q(ni + n§ +n3)

15



1 2
In R 14 (@) = (7

= —(F)(na+ny+n7) (31)

REGULARIZATION 1

W on(w))

Fo=F,—Fy—=—-Trin(1 + N (32)
REGULARIZATION 2 (Entanglement)
F=Fo(RiUR,,) — Rc(R1) — Ro(Rnm) - (33)

Finally, well-defined (finite) quantity Kenneth and Klich 2008

F=-—T1r ln(l — T1G1meGm1) 9
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W W
T — Tm ==
! 1+ w2X1G11 ’ 1+ WQXmem
G and G, Is free propagators:
. Gll Glm AN 1 /
G o ( Gml Gmm > ’ G(X, % ) —< X|A + w2|X >

(A +w)G(x,x) =< x|x’ >= §(x — ')

Y

X,X/€R1URm

(34)

(35)
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Figure 2: Configuration of Casimir energy measurement.
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5. Ordinary Regularization for Casimir Energy

143 D electromagnetism (free field theory) in Minkwski space:
ds® = —dt® + dz* + dy* + dz° . (36)

2 perfectly-conducting plates parallel with the separation 2/ in the x-direction. As
for y- and z-directions,the periodicity 2L for the IR regularization.

Periodicity : z —x+2] , y—y+2L , z—2+2L |,

L>1 | (37)
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the eigen frequencies and Casimir energy are

1
ECas =2 Z §wn,my,mz >0 ) (38)

(Z: all integers) %wmmy,mz is the zero-point oscillation energy. Introducing the

cut-off function g(z) (=1 for 0 < x < 1, 0 for otherwise),

Edus= Y Wamym.g (w”’j\ym) >0 , A : UV-CutOff. (39)

Nn,My, ML
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take the continuum limit L — oo, L < [ — oc.

dk dk, dk, k
2 2 2
Cas / / / \/k ‘|‘]€ ‘|‘k’ (A)
I dkdkw Gl =0
©|k|<A  \L

L

Note that Fcus, ES,, and EAY  are all positive-definite. In a familiar way,
regardmg ECas as the origin of the energy scale, we consider the quantity
u = (EA,, — EAY )/(2L)? as the physical Casimir energy and evaluate it
with the help of the Euler-MacLaurin formula as u = (72/(21)%) (B4/4!) =
—(7w2/720)(1/(20)°) < 0. The final result is negative. In the present analysis we
take a new regularization which keeps positive-definiteness.
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6. New Regularization for Casimir Energy

: : : : : l :
First we re-express Eégs using a simple identity : [ = fo dw (w: a regulariza-
tion axis).

1 l
EAY J(2L)? = 227T3/0 dw /lKA P(k)2nk*dk

S /0 dw(-1) / L P2y

T
—~
=
~—
I
S
ﬁ
I

1
E ) (41)

where the integration variable changes from the momentum (%) to the coordinate

22



(r = v/22 +y2+ 22). The integration region in (R,w)-space is the infinite
rectangular shown in Fig.3.
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Figure 4: A general path r(w) of
(42) and a periodic path r(w) of
(43).

Figure 3: The integral region of
(41).



We regularize the above expression using the path-integral as

Cas /(2L)

221773(2%) /all paths r(w)
[ [P ) e - WE@)]) (42)

r(w’)

where the integral is over all paths r(w) which are defined between 0 < w <[
and whose value is above A™!, as shown in Fig.4. W[r(w)] is some damping
functional.  W|r(w)] = 0 corresponds to (41). The slightly-more-restrictve

regularization is
A1 r(0)=r(l)=p

Efqs/(2L)° =

25



HDr(w) [/ dw' P( 1/ )r(w) "4 exp {=W[r(w)]} >0 (43)

r(w’)

where the integral is over all periodic paths. Note that the above regularization
keep the positive-definite property. Hence the present regularization mainly
defined by the choice of W|r(w)]. In order to specify it, we introduce the
following metric in (R, w)-space.

Dirac Type : ds* =dR*+ V(R)dw* , V(R) = Q*R? HarmonicOsc. ,(44)

or

L AR+ V(R)dw?)? | V(R) = Q2R® . (45)

Standard T . ds® = ——
anaard lype S T2

() : regularization constant. (When V(R) = 1, w is the familiar Euclidean time.
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) On a path R = r(w), the induced metric and the length L is given as follows.
As the damping functional W|r(w)], we take the length L.

ds® = dw?(r'> + Q%% |, 1 = j—; ,
1 1
L= /ds = /(r’2 + *rHdw , Wir(w)] = %L =5 ('r’2 + Q%r?)dw . (46)

« , € : regularization parameters. The limit & — oo corresponds to (41).

Numerical calculation can evaluate EY’ . (43), and we expect the following
form[PTP121(2009)727].

w
ECa,s _ ﬁ

s = (= 3cl (4) (47)
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where a and ¢ are some constants. a should be positive because of the positive-
definiteness of (43). The present regularization result has, like the ordinary
renormalizable ones such as the coupling in QED, the log-divergence. The
divergence can be renormalized into the boundary parameter [. This means [
flows according to the renormalization group.

Wl

dn(l'/1)

! . —
I'=1(1-3cn(lA))™5 , f="74 ,

cl <1 | (48)

where (3 is the renormalization group function, and we assume |c| < 1. The
sign of ¢ determines whether the length separation increases (¢ > 0) or decreases
(c < 0) as the measurement resolution becomes finer (A increases). In terms of
the usual terminology, attractive case corresponds to ¢ > 0, and repulsive case to
c < 0.
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7. Conclusion

We have proposed a new regularization, in the quantum field theory, for the
calculation of divergent physical quantities such as Casimir energy.

o ds? = dR? + Q?R*dw? (Elastic view to the space)

e Path integral using Hamiltonian (Weight functional) of length.

e Positive definite
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